A class of exact solutions of the geodesic equations in (anti-)de Sitter AdS4 and dS4 spacetimes is presented. The geodesics for test particles in AdS4 and dS4 spacetimes are respectively sinusoidal and hyperbolic sine world lines. The world line for light rays is straight lines as known. In particular, the world lines of test particles are not dependent on their energy. Spontaneous symmetry breaking of AdS4 spacetime provides a physical explanation for arising of the virtual particle and antiparticle pairs in vacuum. Interestingly, the energy of a pair and the time its particles moving along their geodesics can be related by a relation similar to Heisenberg uncertainty one pertaining quantum vacuum fluctuations. The sinusoidal geodesics of AdS4 spacetime can describe the world lines of the virtual particles and antiparticles. The hyperbolic sine geodesics of dS4 spacetime can explain why galaxies move apart with positive accelerations.
I. INTRODUCTION
The Einstein equations can be written in the following form
M µν (g 00 = 1, c = 1) (1) where R µν is the Ricci tensor, T M µν is the stressenergy tensor. The cosmological constant λ is the free parameter. [1] [2] [3] [4] [5] Neglecting the stress-energy tensor of the matter, we obtain an empty space with the vacuum energy density ρ vac = λ/8πG. Hence the Einstein equations will become R µν − 1 2 Rg µν + λg µν = 0.
The indices of the above equations are contracted, giving the Ricci scalar R = 4λ. The equations (2) will then get the form
The most important vacuum solution of the equations (3) is the Schwarzschild-(anti-)de Sitter spacetime 6-10
where dΩ 2 = dθ 2 +sin 2 θdφ 2 is the metric of a two-sphere. For λ = 0, we obtain the Schwarzschild spacetime where the curvature is caused by the spherical mass M at the origin of the coordinate system. For M = 0 and λ > 0, putting λ = 3ω 2 > 0, the metric (4) reduces to the de Sitter spacetime (dS 4 ) with a false singularity r s = 1/ω, and dS 4 is an "empty space" with ρ vac = 3ω 2 /8πG > 0
For M = 0 and λ < 0, putting λ = −3ω 2 < 0, we have the metric of the anti-de Sitter (AdS 4 ) spacetime that has not any singularity, and AdS 4 is an "empty space" with ρ vac = −3ω 2 /8πG < 0
The change from the de Sitter spacetime to the anti-de Sitter spacetime is performed by replacing ω → iω and vice versa. These spacetimes differ from the Minkowski spacetime, which is really an empty space with ρ vac = 0. Note that in cosmology, the positive and negative cosmological constant λ are respectively considered candidates for dark energy and dark matter.
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In this study, we present a class of exact solutions of the geodesic equations in the AdS 4 and dS 4 spacetimes. When considering the radial motion of the test particles, the equations are significantly simplified, as far as the simple harmonic oscillator one, and the solutions become readily obtained, in surprisingly fundamental forms of sinusoidal and hyperbolic sine functions. The mathematical derivation is given in Sec. II. Our attempt to explain physics of the obtained results is given in Sec. III, where again fundamental problems of the vacuum energy and cosmological constant are being put forth.
II. THE GEODESICS IN THE (ANTI-)DE SITTER SPACETIMES
First the metric tensor of AdS 4 spacetime, from (6) , is put into the following form
where e A(r) = 1 + ω 2 r 2 ; e B(r) = 1/(1 + ω 2 r 2 ). The Christoffel symbols for the metric tensor have been given
where
1+ω 2 r 2 . The geodesic equations are given
and the following quantity is a constant of the motion
The geodesic equations (9) can be written as follows
dτ 2 , and so on. We can restrict to the equatorial plane θ = π/2 because of angular momentum conservation. Then we have only three following geodesic equations
The relation (10) becomes
1 for massive particles 0 for light (18) By integrating equations (15) and (17) we havė
where E = const and L = const, the energy and angular momentum of the test particle. From the result (18) for massive particles and the equation (19), we can find the following relationṙ
Without loss of generality, by supposing φ = const (0 ≤ φ ≤ 2π) we restrict to the radial motion of the test particle, and its angular momentum L = r 2φ = 0. By inserting the equations (19) and (21) into the equation (16) we obtain the equation for a simple harmonic oscillator
and the solutions
with null initial conditions. The world lines in the AdS 4 spacetime are therefore sinusoidal (see Fig. 1 ). Next we obtainṙ 2 = E 2 for light rays from the result (18) and the equation (19). Then from the equations (16) and (18) we find the equation of motionr = 0 with solutions r = ±τ.
Thus the world line for light rays is straight lines as known. Finally, the geodesic equation in the dS 4 metric (λ > 0) will be given from the equation (22) by the substitution ω → iωr
with the solutions
The world lines in the dS 4 spacetime are hyperbolic sine lines. An interesting result is that the world line functional forms (23), (24) and (26) show no dependence on the energy E of the test particle.
We see that the metrics (5) and (6) do not depend explicitly on the time-coordinate t. These metrics are called static. Now we derive the time-dependent dS 4 metric with the flat slicing coordinates from the static metric (5). 13 Considering the following coordinate transformations
where dΩ 2 is invariant. The simple calculation demonstrates that
Hence the static dS 4 metric reduces to the timedependent dS 4 metric with the flat slicing coordinates
After discarding the primes, we get the time-dependent de Sitter metric
The time-dependent AdS 4 metric can be given by the substitution ω → iω
This complex metric does not evidently describe a real spacetime, hence its symmetry certainly must be broken in the real world when e 2iωt = +1. Then we get a relation ωt = nπ where n = 0, ±1, ±2, and so on. Thus the anti-de Sitter spacetime (31) reduces to the Minkowski spacetime at the following moments
and we get the relation
where ∆t = t n+1 − t n = π/ω. Multiplying two sides of the above relation by the Planck constant, we obtain a relation similar to Heisenberg uncertainty one pertaining quantum vacuum fluctuations
where ε = ω. Therefore spontaneous symmetry breaking of AdS 4 spacetime provides a physical explanation for arising of some particle with an energy ε in the vacuum. However, which particle does have such energy ε, and how does it moves?
III. THE PHYSICAL EXPLANATIONS
As we know that the quantum vacuum is a very active place, filled with virtual particle and antiparticle appearing and disappearing continuously. These virtual particles and antiparticles appear and disappear everywhere and in all directions. We may ascribe ε = ω = to the total energy of the virtual particle and antiparticle pair. The virtual particle which emerges from the vacuum moves along the geodesic in a time interval ∆t ∼ 1/ω. The geodesics of virtual particle and antiparticle are the sinusoidal world lines (23) in the AdS 4 spacetime. Every virtual particle in the AdS 4 vacuum has an energy ω 2 , where ω can take any value (0 ≤ ω < +∞), then the vacuum energy density in the AdS 4 spacetime can be defined by
This vacuum energy density is strongly divergent with an ultraviolet cut-off frequency ω max . Thus the vacuum energy density diverges not only in quantum field theory but also in general relativity. However the negative vacuum energy density ρ vac = −3ω 2 /8πG < 0 can not cause any gravitational effect from the viewpoint of general relativity. If the AdS 4 spacetime can describe a vacuum with great energy density values in the smallest scales, then the dS 4 spacetime can represent a vacuum with small energy density values in the greatest scales. A vacuum energy density of the present universe, 15, 16 ρ vac ∝ 10 −29 g/cm 3 , is compatible totally with a cosmological constant λ ∼ 10 −35 s −2 , however it does not have any relation with the quantum vacuum energy density. Thus is it not necessary to cancel the famous discrepancy of 120 orders of magnitude between the theoretical and observational values of the cosmological constant?
The sinusoidal geodesics in AdS 4 spacetime can describe the world lines of the virtual particles and antiparticles which appear and disappear continuously in the vacuum. The hyperbolic sine geodesics (26) in dS 4 spacetime with λ > 0 can explain why galaxies move apart with positive accelerations. Indeed, from the equation (25) we get a positive acceleration of the test particlë r/r = ω 2 > 0. It is easy to find the following relation
that implies the red shift. Note that values of the positive cosmological constant might be very large in the Planck era or in the vacuum of high energy physics, but its present observational value is very small. Such large values of the cosmological constant may be necessary to explain a fast expansion of the universe (an inflation). Does the cosmological constant decay in the evolution of the universe?
IV. SUMMARY
We have considered the geometry properties of the (anti-)de Sitter spacetimes, determined by the free parameter λ = ∓3ω 2 (0 ≤ ω < +∞). The obtained geodesics of test particles in the AdS 4 spacetime can describe the world lines of the virtual particles and antiparticles in the vacuum. These virtual particle pairs are explained as the result of spontaneous symmetry breaking of the AdS 4 spacetime. We also obtain a relation similar to Heisenberg uncertainty relation that describes the quantum vacuum fluctuations. The geodesics of test particles in the dS 4 spacetime can describe the world lines of galaxies moving apart with positive accelerations in the empty universe, and with the red shift.
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